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The Heavy quark effective field theory (HQEFT) is revisited in a more intuitive 
way. It is shown that HQEFT is a consistent large component QCD of heavy quarks. 
In the non-relativistic limit, HQEFT recovers the non-relativistic QCD (NRQCD). 
The resulting new effects in the HQEFT of QCD are carefully reexamined. It is then 
natural to come to the comments on the usual heavy quark effective theory (HQET) . 
Consistent phenomenological applications of HQEFT exhibit its interesting features 
and completeness in comparison with HQET. It then becomes manifest why we 
shall base on the HQEFT of QCD rather than HQET which is an incomplete one 
for computing 1/mQ corrections. More precise extraction for \V c b\ and \V u b\ in the 
HQEFT of QCD is emphasized. 
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I. INTRODUCTION 



Two frameworks of effective theories for heavy quarks have extensively been applied to treat 
heavy quark systems containing a single heavy quark. One is so-called heavy quark effective 
theory (HQET) [1,2] and the other is mentioned, for distinction, to be the heavy quark effective 
field theory (HQEFT) [3]. The former was motivated and constructed mainly based on the heavy 
quark symmetry (HQS) [4-6] in the infinity mass limit ttiq —> oo [7,8]. The latter was derived 
directly from QCD with carefully treating the quark and anti-quark fields. In the HQET, the 
quark and antiquark fields were treated separately, which is valid only in the infinity mass limit. 
For the finite quark mass case, it is well known from the quantum field theory that the quark and 
antiquark fields cannot be separated though their interactions may be suppressed by the inverse 
of the mass. This is one of the main reasons that motivated one of our authors to consider and 
derive an alternative HQEFT from QCD with explicitly keeping the quark and antiquark coupling 
interactions [3]. In deriving the HQEFT, the approximate spin-flavor symmetry is not as the 
starting point but as a direct consequence in the heavy quark limit. In fact, it is the approximate 
spin-flavor symmetry that has led a rapid development on effective theories of heavy quark [9]- [19] 
in studying heavy quark systems. It is obvious that the two frameworks, HQET and HQEFT of 
QCD, become equivalent only when taking the heavy quark mass to be infinite. This is because that 
only in this case the quark and antiquark can be completely decoupled. The possible differences 
between them have recently been investigated in detail from heavy hadron decays [20]- [29], where 
the important new effects have been found to arise from the 1/mQ corrections. The interesting 
applications of HQEFT have also been studied in the pair creations and annihilations [30-32] . In 
this paper, we are going to revisit the HQEFT of QCD in a more intuitive way and make it more 
clear for acceptance. Especially, one will see why HQEFT should be regarded as a more complete 
effective theory of QCD for heavy quark systems. To be manifest, we consider two interesting 
cases that can be dealt with by the HQEFT of QCD: one is for a heavy quark within the heavy 
quarkonia systems, which is known to be treated by the non-relativistic QCD (NRQCD) [33,34]; 
the other is for a single heavy quark within the heavy hadron systems [20]- [29]. Some comments 
on the HQET then become obvious. Several important and interesting observations yielded in the 
HQEFT of QCD are briefly summarized. The emphasis is made to the more precise extractions 
on the Cabbibo-Kobayashi-Maskawa (CKM) matrix elements V c b and V u b via HQEFT of QCD. 



II. WHY HQEFT OF QCD RATHER THAN HQET 



HQEFT of QCD is a theoretical framework derived directly from QCD but explicitly displays the 
heavy quark symmetry and symmetry breaking corrections. The main point is that all contributions 
of the field components, large and small, 'particle' and 'antiparticle', have carefully been treated 
in the Lagrangian of HQEFT, so that the resulting effective Lagrangian form the basis for a 
"complete" effective field theory of heavy quarks [3,20-29]. We will see that HQEFT of QCD is 
actually an effective field theory of large component QCD. 

Let us begin with the Lagrangian of full QCD 

£qcd = dight + Q(ip- m Q )Q, (2.1) 

where Q is the quantum field for heavy quark and £u g ht represents the part that has nothing to 
do with the heavy quark. Following the derivation presented in ref. [3], the field Q can formally 
be written into two part 

Q = Q (+) +Q ( -\ (2.2) 

where and Q(~*> are classically corresponding to two solutions of Dirac equation 

(ip- m Q )Q^ = 0. (2.3) 

For the free quark fields, they are so called "quark" and "antiquark" fields respectively, and can 
be expanded in terms of plane waves 

Qi+){X) = j ^fJoY, h ^iP)e- ipx , (2-4) 

where s is spin index, b s and d s are the annihilation and creation operators respectively. u s and 
v s are four-component spinors. In Dirac representation, they can be explicitly written as 



E + to / 1 

u s[P) = \ — 7, °-p <Ps, (2-6) 
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with ip a being the two component Pauli spinor field that annihilates a heavy quark, and Xs being 
the Pauli spinor field that creates a heavy antiquark. 

Introducing an arbitrary unit vector which satisfies v 2 = 1, we can further decompose the 
quark fields into the following forms 

Q (+) -(^ + V)Q (+) =QW+4 +) , (2-8) 
Q ( - ) -(^ + ^)Q ( - ) =Q[.->+^-> (2.9) 



with 

$(±> S ^Q<±>, R?) ee ^Q<±>. (2.10) 

Thus the initial quark field Q can be written as 

Q = Q V + R V (2.11) 
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with 



Qv = Qi +) + Q { -\ R V = R^+R V ~\ 
For free quark field, taking v = (1, 0, 0, 0), one has in the momentum space 

1 + 
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(2.12) 

(2.13) 
(2.14) 
(2.15) 
(2.16) 



ft is then obvious from Eqs.(2.13)-(2.16) that and Q v ' may be regarded as the "large compo- 
nents" of "quark" and "antiquark" respectively, while R^ and R v ^ are the corresponding "small 
components" in the case |p| <C E + m. 

Here it should be noted that though the "large" and "small" components of quark and antiquark 
fields can be understood easily in this way by taking a special vector v = (1, 0, 0, 0), the vector v 
does not have to be chosen in this way. In fact, rewriting the derivative operator as 



(-) 



P=P\\+P± 



with 



P=jtvD, p± = p- tf(y ■ D), 
and using Eq.(2.3) as well as the commutation relations 

W#|]=0, {jt,p ± } = 0, 

one can easily find the relations between the fields R^ (Rv^) and Q v ^ (Q^) : 

(ip\ - m Q )R v ^ + ip±QW = 0, 
Ri ± \-i%-m Q )-&Vi$_=0. 



(2.17) 
(2.18) 
(2.19) 

(2.20) 
(2.21) 



For any operator O, the operator *0 is defined via J nOip = — J nOip. Thus the fields Q and Q 
can be represented by Q v and Q v , 



Q = 



i + 



i fiv ■ D + rriQ \ - 1 ip± 
) 2m Q 



Q v — u>Q v , 



(l- 

V 2m Q 
n A \t , '^fi ~* fo-t) +m Q \- 1 -\ _ ^ ^ 



(2.22) 
(2.23) 



From Eqs.(2.8), (2.9) and (2.22), (2.23) one can see that, in this representation, R v is I/thq 

suppressed compared to Q v . Therefore Q v ^ and R v ^ can be regarded as the "large component" 
and "small component" of the heavy quark field Q^' respectively. This is independent of the 
special choice of vector as long as it satisfies the condition v 2 [ = 1. 

To construct the effective field theory of large component Q v , one can simply integrate out 
the small component R v , or integrate in the contributions of small component to the effective 
Lagrangian. This has been shown [20,21] to be equivalent to substitute Eqs.(2.22),(2.23) into the 
QCD Lagrangian. Thus the resulting large component QCD can be written as 
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£QCD = flight + £q,v (2.24) 

with 

C QlV = Q(ip- m Q )Q\ Q ^.Q v 

= Q v {i fiv D — m Q )Q v + J—Q v ip ± (l - % ^ V ' D + TnQ )~ 1 ip ± Q v 

+ it-^M 1 - '* v Z + Q mQ Y l{l * V ' D - ' nQ)0 ' (2 - 25) 

+ 4^^ H ^ ) ( 1 2^ ) l H l 2^ ) l ^ Q - 

From the definitions (2.10) and the commutation relations (2.19), one can see that there is no 
quark-antiquark coupling in the first two terms on the rhs. of Eq.(2.25). The last two terms on 
the rhs. of Eq.(2.25) arise from the quark-antiquark coupling interactions, which has been ignored 
in the HQET Lagrangian. One can rewrite the above Lagrangian Cq iV in the following form to see 
explicitly such features, 



with 



£-Q,v - + £q,v ) + ^Q, v ) + ^Q.v ) (2.26) 



^~Q^m-m Q ]Q^\ (2.27) 



where the operator 1% is defined as 

ip,=i)fv-D+ J-ifr (l - l^R±^R.) -\p ± . (2.29) 
2iriQ \ 2rriQ / 

The operator p v in the above equations can be obtained by replacing with in *p v . Note 

that the above Lagrangian actually holds for either heavy or light quarks as it is obtained by just 
integrating out the field component R v . For heavy quarks with |p| <C E + rag, one can then make 
expansion in terms of inverse powers of heavy quark mass tuq. The resulting effective theory is 

called HQEFT. It is different from the HQET in which only (or C ( Q ~ ] ) in Eq.(2.26) is taken 

to be the effective Lagrangian. Obviously, the HQET is not complete. In fact, in any physical 
process of heavy quark, there is heavy quark-antiquark coupling interactions due to the finite mass 
of heavy quark. Such quark-antiquark coupling terms will provide important contributions at the 
order of I/tuq. Therefore in order to calculate correctly these 1/roq corrections arising from the 

finite mass of heavy quark, one should take into account the contributions from the terms Cq^^ 

and Cq'^ for the processes involving the heavy quark or from the terms Cq 1 ^ and Cq'^ 

for the ones involving the heavy antiquark Qi ' . 

For making 1 jmq expansion, it is useful to remove the large mass term in the above Lagrangian. 
We then introduce new field variables Q v and Q v with the definition 

Q v = e^ v - x Q v , Q v = Q v e-^ v - x . (2.30) 

Noticing the feature that jrf commutes with f\\ but anticommutes with p±, we can rewrite above 
Lagrangian to be 
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with 



Zq? = QvipvQv, (2.31) 
= ^^H 1 - =^-Y 1 e-^'m)Q v (2-32) 

i% = -i^v-*D + (l - =^-5) "V^), (2.33) 

where we have expressed the effective Lagrangian for quark-antiquark coupling interactions (2.32) 
in terms of two identical formulations. One can use either of them depending on the convenience 
for the relevant applications. 

The above Lagrangian (eqs. (2.26-29) or eqs. (2.31-33)) forms the basic framework of HQEFT 
which has first been derived in ref. [3]. Here we rewrite it in a more compact expression. Note 
that the resulting effective Lagrangian is exact for the quark component Q v = + Qv \ What 
we have done is making the field redefinitions and integrating out the quark field component 
R v = + R,i \ or integrating in the contributions of the quark component R v = R v + ^ + R.i ^ 
to the effective Lagrangian. It then becomes manifest why we shall base on the HQEFT of QCD 
rather than the HQET. 



III. EFFECTS OF QUARK-ANTIQUARK COUPLING TERMS AND CONSISTENCY 

OF HQEFT 

The Lagrangian (2.26) contains the fields of quark and antiquark explicitly. It is then natural 
to ask what is the new effects of HQEFT with the quark-antiquark coupling terms. For that, it is 
better to consider the concrete physical processes. But for many physical processes, the initial and 
final states contain no antiquark (or quark), and therefore in these cases it is convenient to deal 
with only the effective quark (or antiquark) field variables. From this consideration it is useful to 
further derive a Lagrangian represented only by quark (or antiquark) field variables but effectively 
taking the contributions of quark-antiquark coupling terms into account. 

From the Lagrangian presented in Eqs.(2.26)-(2.28) it is easy to get the relations between quark 
and antiquark field variables: 

(A - ™q)QV + [ip±(m Q -ijtv- D)-\ip v - m Q )]Q(+) = 0, (3.1) 

- m Q ) + &f>[i%_(mQ -ijfa- *D)-\if v - m Q )] = 0, (3.2) 

or 

g(-) - - mgy^ipLimQ -%iv- D)- 1 ^ - m Q )]Qi+\ (3.3) 

= -& v +) \i%(m Q -ijfa- S)" 1 ^ - m Q )](% - m Q )-\ (3.4) 

Integrating out the heavy antiquark fields is equivalent to substituting Eqs. (3.3), (3.4) into 
Eqs.(2.26)-(2.28). Consequently, we arrive at the effective Lagrangian 

A++) - /•(++) , r(++) (q k\ 

eff — ^Q.w + *"Q,v ' \°-°) 

which is nothing but representing the Lagrangian (2.26) in terms of only quark variables. The 
second part comes from the contributions of integrating out antiquark. Its explicit form is 

found to be 
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= -^ +) ip±(mo - i ^ • D)-Hp±(m Q -ijfv- - mg)Q( + >. (3.6) 

After removing the large mass term in the above effective Lagrangian, we then obtain the 
following compact form 

- (3.7) 

Note that up to now we do not yet make any approximation except making redefinitions for 
the quark fields and integrating out the field component R v and antiquark field Qv ^ . So that the 
above effective Lagrangian should still characterize the necessary features of QCD. 

To be manifest, we may reexpress the above Lagrangian in the following explicit form 

4;;> - e>{. * ■ d +2 . - i^y m) } Q ^ 

It is easily seen that the above effective Lagrangian for quark fields is distinguishable from the 
effective Lagrangian adopted in the HQET. There are actually two additional terms which arise 
from the contributions by integrating out the antiquark fields. One term is at I/tuq order, it 

exactly coincides with the one in C [ q+ ] . This expla ins the factor of two in the second term of the 
curl bracket in the above effective Lagrangian. The other term is formally at l/ro| order but with 
the operator ftv ■ D in the denominator, which has to be treated carefully for different physical 
processes when making I/tuq expansion. Their physical consequences will be discussed in detail 
below. Such two additional terms explicitly represent new effects of HQEFT vs. HQET. 

Before proceeding, we shall first check the consistency of the above HQEFT. Since the following 
issue naturally arises: as the above Lagrangian is exact without making any approximations, it 
should also recover the case for the free quark fields. The question is then how to understand the 
additional two terms formally at order 1/toq and l/rrig. The answer is positive as one can see 
below. 

For the free quark case, there is no coupling between quark and gluon. One can simply take the 
coupling constant to be zero and make the replacement 

-» = v^v ■ d, 
D?^d?=d» -v^vd, 

n-^^ + ^a + ir 1 . 0.9) 

Thus the Lagrangian for the free quark field is simply obtained from Eqs.(3.7)-(3.9), 

4//' = <?!, +, *-i-*<3!, + > 

=0 , + , { , #ll+2 .j_ w±)J(l+ i)-' }0 : t > 
+ 4 e>, * )4 ( 1+ ^)"i e '- (3 - 10) 

Notice the factor of two at the 1/mg order in the first term and also the denominator in the 
second term which is formally at 1/toq order. It appears to be quite unusual. We shall see that 
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the second term is not truly at the order of 1 /tUq for the free quark field due to the denominator 
i<f)\\. Its leading contribution is actually at 1/mq order with magnitude being half to the 1/toq 
order part in the first term but with opposite sign. 

To be convenient, let us turn to the momentum space, ify is represented as 

k 2 - (v ■ k) 2 / v ■ k\ - 1 
2toq V 2vhqJ 

Note that when taking v = (1, 0, 0, 0), it is simplified to be 

,n k 2 / fc° 



( 1+ 2^) • 



2m Q V 2toq, 

As the free quark is on mass-shell, taking v = (1, 0, 0, 0) for simplicity, one has 

2 

2m Q ~ Vmg 

In the coordinate space, Eq.(3.11) can be represented in the form of operators as 



fc„ = V / ^+k 2 -™ Q = A- + 0(-l-). (3-n) 



1 + + (3.12) 

2m Q 2m Q ^ m Q^ 



11 2mQ 2itiq 2vhq \ra 

Relation (3.12) means that when the quark is on mass-shell, the longitudinal and transverse mo- 
menta are not at the same order in the 1/toq expansion. In fact, the operator i<(>^ should be treated 
at the order of 1/toq. More exactly it is at the same order of (i^i) 2 /2mg. 

Substituting the relation (3.12) into the second term of the Lagrangian in Eq.(3.10), one has 

«'=« , {•ft + 4<*) 2 ( l+ S ^ )"}« , 



1 a < +)( ,^ (l + i r[ <^ re > 



It is seen that the resulting Lagrangian (3.13) is self-consistent with the on mass-shell condition 
(3.11) or (3.12). This becomes the known Lagrangian for a free quark field. One then arrives at a 
consistent check for HQEFT in the free quark case. 



IV. HQEFT AS A LARGE COMPONENT QCD OF HEAVY QUARKS 



We now apply the exact formulation of HQEFT to the heavy quark systems with p thq. 
For this case, one may expand the HQEFT Lagrangian (3.8) into a series in powers of the inverse 
heavy quark mass. Practically, in studying certain physical processes it is reliable to consider only 
some lower order contributions in the Lagrangian but neglect the higher order 1 /uiq corrections. In 
order to correctly perform this expansion, however, one must keep an eye on the physical conditions 
related to the concrete processes. In particular, the longitudinal and transverse momenta of the 
heavy quark may be at different powers for different physical processes. Correspondingly, the 
operator and p± may be treated as operators in different powers in the expansion. To be 
more explicit, we consider two interesting physical systems which are corresponding to two typical 
conditions. 
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We first consider the heavy quark within heavy quarkonia systems, which is known to be well 
treated by NRQCD. In fact, such a heavy quark is considered to be nearly on mass-shell. This 
implies the operator relation for the 1 / toq expansion 

itv.D = - ( f? + 0(\). (4.1) 

With this condition, it is not difficult to show that the effective Lagrangian (Eq.(3.8)) has the 
following form in terms of the 1 / toq expansion 



£(++) 



Q 

Taking v = (1, 0, 0, 0), one has 



Q ' 



which does result in an NRQCD. 

We now consider another interesting case with heavy quark being slightly off mass-shell. This is 
considered to be the case for a single heavy quark within the heavy hadron. The magnitude of the 
off mass-shell is usually assumed to be at the order of bounding energy. Namely it satisfies the off 
shell condition 

n2 



2m,Q 

Taking P = ttiqv + k with v = (1, 0, 0, 0), one has 

k° ~ |k| - A, 

which has been considered in both HQET and HQEFT. A ~ 500 MeV is the typical bounding 
energy of heavy hadrons. In general, one may take the corresponding approximation in the operator 
form: 

(ifl) ~ (ip±) ~ A, (4.4) 

which implies that the operators corresponding to longitudinal and transverse momenta are taken 
to be at the same order in the 1 / toq expansion. 

With the above considerations, the Lagrangian (3.8) can be expanded in terms of I/toq into the 
following form 



with 



A++) _ AO) Ai/m Q ) 



C^ f =Qi + Hi^vD)Qi+\ (4.6) 



-eff 



+ 4 e)( ^ )2 ^ ( ^ )2e)+o (4)' (47) 

where £^ff is the leading term and possesses the spin-flavor symmetry. The second part C^jj 1 ^ 
contains the remaining terms which are the spin-flavor symmetry breaking ones but suppressed 
by I/nig. Note that the present case differs from the first case of the nearly on mass-shell heavy 
quark. The third term in the rhs. of Eq.(4.7) is now regarded as at the order of 1/toq. So the first 
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term in the rhs. of Eq.(4.7) is now regarded as the total 1/toq order correction to the leading order 
Lagrangian (4.6). Obviously, the factor of two in this case can be understood easily. It makes the 
HQEFT different from the HQET when applying to the physical systems in which the single heavy 
quark within a hadron is slightly off mass-shell, i.e., {if\\) ~ (ip±) ~ A. Their physical effects will 
be discussed below. 

The above analysis shows that HQEFT provides a simple and systematic framework when the 
physical processes allow to make the expansions in terms of the inverse powers of heavy quark 
mass rriQ. In this sense, the HQEFT is nothing but a large component QCD of heavy quarks. 

V. NEW FEATURES OF HQEFT VS. HQET 

The quark-antiquark coupling terms in HQEFT should exhibit their effects in its phenomeno- 
logical applications to physical processes. Some detailed analyses have been made in references 
[20]- [29]. Here we revisit the most important features of HQEFT with paying attention to the 
comparison with HQET. In general, HQEFT will lead to the results deviating from those in HQET 
starting at 1/rriQ order. Especially, the HQEFT can largely simplify the evaluations of hadronic 
matrix elements in comparison with the HQET. 

First of all, a straightforward and automatic consequence in HQEFT of QCD is that at zero recoil 
point the weak transition matrix elements between ground state heavy mesons do not receive 1 / toq 
order corrections. Of course this was known to the so-called Luke's theorem in HQET. However, 
in HQET one has to make a carefully proof with the aid of the equation of motion iv ■ DQ^ = 
to arrive at this statement. Also HQEFT of QCD is automatically reparametrization invariant [3] 
as it is derived directly from QCD, whereas in HQET one needs to impose certain conditions in 
order to insure the reparametrization invariance [35,36]. 

The HQEFT of QCD displays its advantage in the applications to the extraction of the important 
CKM matrix element \V c b\. It is known that |V^,| can be extracted by studying B — > D*lv and 
B — > Dlv decays. In HQET the latter decay channel B — > Dlv provides a less precise one 
in determining |V C {,|. Besides the experimental reasons, an important reason for this is that the 
Luke's theorem in HQET no longer suppresses the corrections for the B — > Dlv decay width. 

This may induce large theoretical uncertainty to the extracted \V c b\- The situation becomes quite 
different in the HQEFT of QCD, where the suppression of 1/toq corrections is valid also for the 
B — > Dlv channel. As a consequence, HQEFT of QCD provides a more precise way than HQET 
to extract \V c b\- 

It is noted that in HQEFT the 1 / toq corrections to heavy meson masses can be related to the 
1/toq corrections to weak transition matrix elements between the relevant heavy mesons. While 
in HQET these are treated separately and characterized by different sets of functions (factors). 

It is also very interesting to observe that heavy hadron dynamics is much simplified in HQEFT 
than in HQET. Specifically, fewer independent functions (factors) are needed in HQEFT than 
in HQET to characterize the finite mass corrections. For instance, in HQET one needs 6 wave 
functions £j and \i {i = 1, 2, 3) to parametrize the 1/toq order corrections to weak transition matrix 
elements between heavy mesons, and needs other 2 factors Ai and A2 for the 1/toq order corrections 
to meson masses. In HQEFT the 1/toq corrections from current expansion and from insertion of 
1/toq order Lagrangian are attributed to the same set of 3 wave functions Ki (i = 1, 2, 3); and the 
1 /toq order corrections to meson masses are also naturally related to the zero recoil values of K\ 
and K2- Instead of the 8 functions (factors) needed in HQET, one thus needs only 3 independent 
functions in HQEFT. 

In studying inclusive bottom hadron decays, the mass quantity entering into decay rates in 
the HQEFT formulation is no longer the heavy quark mass toq but the "dressed heavy quark" 
mass ijiq — rriQ + A, which is related to the hadron mass at a high order 1/toq corrections, 
i.e., toq = 77iff[l + 0(1/toq)]. In this way the inclusive decay rate formula of heavy hadrons 
is found to have no 1/toq order correction when it is given by the physical heavy hadron mass. 
This is because the HQEFT of QCD allows us to perform the heavy quark expansion at the point 
of the "dressed heavy quark" mass toq instead of toq , which successfully suppresses the next to 
leading order contributions of the expansion. Consequently, the HQEFT of QCD provides a precise 
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determination of \V c b\ and \V u b\ in the inclusive bottom hadron decays. In particular, it can also 
present a well explanation for the puzzle of the bottom hadron life time differences, i,e., the ratios 
t(B° s )/t(B°) and r(A 6 )/r(S°). 

In the above we briefly describe only some of the most important features of HQEFT as compared 
to HQET. Actually, HQEFT of QCD has also been applied to study the issues such as the charm 
counting in the bottom hadron systems, the heavy meson decay constants, heavy-to-light meson 
decays and so on. These applications have shown the power of HQEFT for its consistency. All of 
them are attributed to the correct treatment for the quark-antiquark coupling terms. For more 
detailed discussions on these and other features, we refer to the refs. [20]- [29]. Note that the 
above interesting features of HQEFT cannot be obtained from the usual HQET through a simple 
redefinition for the heavy quark fields. 

In conclusion, HQEFT is nothing but a large component QCD of heavy quarks. Its consistency 
and completeness become manifest, which strongly suggests that we shall base on the HQEFT of 
QCD rather than the usual HQET to investigate heavy quark systems beyond the leading order 
of 1/rriQ expansion. We hope that the interesting features and consistent results concerning the 
phenomenological applications of HQEFT will invoke more and more attention to this effective 
theory. 
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